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Beyond the Frenkel–Kac–Segal construction of affine Lie algebras∗
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This contribution reviews recent progress in constructing affine Lie algebras at arbitrary level in terms of
vertex operators. The string model describes a completely compactified subcritical chiral bosonic string whose
momentum lattice is taken to be the (Lorentzian) affine weight lattice. The main feature of the new realization
is the replacement of the ordinary string oscillators by physical DDF operators, whereas the unphysical position
operators are substituted by certain linear combinations of the Lorentz generators. As a side result we obtain
simple expressions for the affine Weyl translations as Lorentz boosts. Various applications of the construction are
discussed.
1. MOTIVATION
Recent developments [ 1, 2, 3] indicate that
finite and affine Lie algebras are not sufficient
for the description of symmetries in string the-
ory. It is quite likely that hyperbolic Kac–
Moody algebras and their (super)extensions to
Borcherds (super)algebras, also called generalized
Kac–Moody (super)algebras, will play an impor-
tant role for the understanding of certain string
symmetries.
Unfortunately, from the mathematical point of
view not much is known about these infinite-
dimensional Lie algebras. One could also turn
this into an advantage by interpreting it as a
promising sign since history has taught us that
new fundamental developments in physics very
often involve new mathematics.
At the physical side, there is a class of cer-
tain (completely toroidally compactified) string
models where hyperbolic and Lorentzian Kac–
Moody algebras and some of their Borcherds ex-
tensions are explicitly realized. More specifically,
they arise as Lie algebras of physical string states
(see e.g. the review [ 4]) with Lie bracket given
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by [ψ, ϕ] :=
∮
dz
2πi V (ψ, z)ϕ for physical states
ψ, ϕ and associated vertex operator V ( , z). At
first sight it may seem rather awkward that the
physical states themselves form a Lie algebra.
Nonetheless, the bracket has a simple interpre-
tation in terms of tree level scattering of physical
string states [ 5].
The general feature of hyperbolic Kac–Moody
algebras is that they can be decomposed into
an infinite direct sum of highest (and of lowest)
weight modules for the underlying affine subalge-
bra. In the above string realization this entails
that one has to deal with infinitely many affine
highest weight modules within a single physical
state space. To handle this problem one would
need a physical string vertex operator construc-
tion of affine Lie algebras at arbitrary level. This
contribution reports on recent progress [ 6] in
this question which was obtained in collaboration
with H. Nicolai.
2. COMPACTIFIED BOSONIC STRING
We consider a (chiral half of a) closed bosonic
string moving on a d-dim Minkowskian torus as
spacetime. Uniqueness of the quantum mechani-
cal wave function then forces the center of mass
momenta of the string to lie on an even Lorentzian
lattice Λ. From a phenomenological point of
view it is certainly not very plausible to com-
2pactify all spacetime dimensions since we know
that there should be at least four macroscopic di-
mensions. As mentioned above, the philosophy
behind our approach is that in such models new
infinite-dimensional Lie algebras occur as symme-
tries which might prove useful in different con-
texts. After all, these models provide the only
realizations we know so far.
The Fock space F is spanned by states of the
form
α
µ1
−m1 · · ·α
µM
−mM |λ〉,
where the αµm’s form a d-fold oscillator algebra,
[αµm, α
ν
n] = mη
µνδm+n,0 ,
and the groundstates |λ〉 = eiλ·q|0〉 for λ ∈ Λ
satisfy ([qµ, pν ] = iηµν , pµ ≡ αµ0 )
pµ|λ〉 = λµ|λ〉, αµm|λ〉 = 0 ∀m > 0 .
In order to define physical states one has to
implement the Virasoro constraints (with central
charge c = d)
Ln =
1
2
∑
m∈Z
:αm ·αn−m: ,
where : . . . : denotes normal-ordering with re-
spect to the string oscillator modes. Due to the
anomaly, however, we proceed a` la Gupta–Bleuler
in electromagnetism which means that we can im-
pose only half of the constraints. Hence physical
states are conformal primary states of weight 1,
P :=
⊕
λ∈Q∗
P(λ),
where
P(λ) := {ψ |Lnψ = δn0ψ ∀n ≥ 0, p
µψ = λµψ}.
The simplest examples of physical states are
tachyons |a〉 with a ∈ Λ and a2 = 2, pho-
tons ξ ·α−1|k〉 with ξ ∈ R
d−1,1, k ∈ Λ and
ξ ·k = k2 = 0, etc..
3. DDF CONSTRUCTION
It would be nice to have an explicit description
of the space of physical states in the same way
as the Fock space is built as an infinite sum of
Heisenberg modules. Such a description is indeed
possible and is provided by the so-called DDF
construction [ 7, 8] adjusted to the discrete model
[ 9]. For a given physical momentum λ ∈ Λ,
λ2 ≤ 2, one first has to find a tachyon |a〉 and a
lightlike vector k such that a·k = 1 and
λ = a− nk with n := 1− 12λ
2 .
Such a pair (a,k) always exists as long as we do
not require the vectors to lie on the lattice. We
refer to it as a DDF decomposition of λ. Next
we choose d− 2 orthonormal polarization vectors
ξi(a,k) ∈ Rd−1,1 satisfying ξi ·a = ξi ·k = 0, and
define the transversal DDF operators
Aim = A
i
m(a,k) :=
∮
0
dz
2πi
ξi ·P (z) eimk·X(z),
in terms of the Fubini–Veneziano fields
Xµ(z) := qµ − ipµ ln z + i
∑
m 6=0
1
m
αµmz
−m,
Pµ(z) := i
d
dz
Xµ(z) =
∑
m∈Z
αµmz
−m−1.
Using operator product techniques it is straight-
forward to show that the Aim’s obey a (d−2)-fold
“transversal” oscillator algebra,
[Aim, A
j
n] = mδ
ijδm+n,0.
There are also longitudinal DDF operators
A−m = A
−
m(a,k) whose complicated expressions
are not needed here. They form a “longitudinal”
Virasoro algebra with central charge c = 26 − d
and commute with the transversal DDF opera-
tors.
The nice thing about the DDF operators is that
they constitute a spectrum-generating algebra for
the string; for it can be shown that they commute
with the Virasoro constraints Ln (and hence map
physical states into physical states) and P(λ) is
spanned by
Ai1−n1 · · ·A
iN
−nNA
−
−m1 · · ·A
−
−mM |a〉 ,
where n1 + . . . +mM = 1 −
1
2λ
2. Note that the
DDF operators also account for an explicit de-
scription of the null physical states contained in
3P(λ) due to the relation A−−1|a〉 ∝ L−1|a− k〉,
which can be verified by a straightforward com-
putation.
4. AFFINE LIE ALGEBRA
Let g¯ be a finite-dimensional simple Lie algebra
of type ADE and rank d− 2 (d ≥ 3). We denote
the root system of g¯ by ∆¯. Consider the associ-
ated nontwisted affine Lie algebra g = n+⊕h⊕n−
(see e.g. [ 10, 11]). The d-dimensional affine Car-
tan subalgebra h then contains a central element
and a scaling element denoted by K and d, re-
spectively. The corresponding elements in h∗ are
called null root δ and basic fundamental weight
Λ0, respectively. We have the scalar products
δ ·Λ0 = 1 and δ
2 = Λ20 = δ ·ri = Λ0 ·ri = 0 for
the real simple roots ri (1 ≤ i ≤ d− 2) of g¯.
In the above string model we shall now choose
for the momentum lattice Λ the affine weight lat-
tice Q∗, which is even Lorentzian as required.
Recall that an irreducible level-ℓ highest weight
module L(Λ) for an affine Lie algebra g is deter-
mined by the following data: a vacuum vector vΛ,
a dominant integral weight Λ ∈ Q∗, and a weight
system Ω(Λ) with appropriate weight multiplic-
ities. Without loss of generality we may assume
that Λ2 = 2, because Λ+ zδ for any z ∈ R gives
rise to an isomorphic g-module.
An affine Cartan–Weyl basis in terms of inte-
grated vertex operators can be introduced as fol-
lows. Let ξi be a set of d− 2 orthonormal polar-
ization vectors associated with the DDF decom-
position (Λ,kℓ) where kℓ :=
1
ℓδ. On
P(Λ) :=
⊕
λ∈Ω(Λ)
P(λ),
which is a subspace of the space of physical string
states, P , we define
K := δ ·p, d := Λ0 ·p, (1a)
Him :=
∮
0
dz
2πi
ξi ·P (z) eimδ·X(z), (1b)
Erm :=
∮
0
dz
2πi
:ei(r+mδ)·X(z):cr, (1c)
for all r ∈ ∆¯, where cr denotes some appropri-
ate cocycle factor satisfying cr|s〉 = ǫ(r, s)|s〉 for
some 2-cocycle ǫ. One can show [ 12, 13] that
these operators obey the commutation relations
[Him, H
j
n] = ℓmδ
ijδm+n,0,
[Him, E
r
n] = (ξ
i ·r)Erm+n,
[Erm, E
s
n] =


0 if r ·s ≥ 0,
ǫ(r, s)Er+sm+n if r ·s = −1,
Hrm+n + ℓmδm+n,0 if r ·s = −2,
[d,Him] = mH
i
m, [d,E
r
m] = mE
r
m,
[K,x] = 0 ∀x ∈ g.
This gives a level-ℓ vertex operator realization of
g on P(Λ). In fact, we can identify the vacuum
vector vΛ in L(Λ) with the tachyonic groundstate
|Λ〉 in P(Λ) to conclude that3
L(Λ) →֒ P(Λ), L(Λ)λ →֒ P
(λ).
Let us make some remarks.
We observe that the Him’s, which make up
the homogeneous Heisenberg subalgebra of g, are
nothing but the transversal DDF operators Aiℓm
and thus play the role of spectrum-generating ele-
ments. Only for ℓ = 1 the Heisenberg subalgebra
and the transversal oscillator algebra are identi-
cal. One may wonder why there is only one set of
polarization vectors ξi(Λ,kℓ) and DDF operators
Aim(Λ,kℓ) although one has such data for each
λ ∈ Ω(Λ). One easily shows, however, that the
polarization vectors can always be chosen such
that they differ only by vectors proportional to
δ when going from one λ to another. But since
δ ·P (z) eimδ·X(z) for m 6= 0 is a total derivative,
we conclude that the operators Him are indeed
universally defined on P(Λ).
Below, we will see that only transversal phys-
ical states can occur in the affine highest weight
module L(Λ). Hence we effectively deal with the
embedding L(Λ)λ →֒ P
(λ)
transv. and have the fol-
lowing universal estimate for affine weight multi-
3An especially nice feature of this string realization is the
fact that both the vacuum vector and the null vector con-
ditions in L(Λ) immediately follow from momentum con-
servation and the physical state condition L0ψ = ψ.
4plicities at arbitrary level:
multL(Λ)(λ) ≤ dimP
(λ)
transv. = pd−2(1−
1
2λ
2),
where pd−2(n) counts the partition of n into
“parts” of d− 2 “colours”.
5. RESULT
In view of the fact that the operators of the
Cartan–Weyl basis (1) are integrated vertex op-
erators associated with physical string states and
thus are physical operators by construction, it is
sensible to ask whether they may be directly ex-
pressed in terms of the DDF operators, i.e., in
a manifestly physical form. Note that this is al-
ready the case for the Him’s (see above remark).
So only the step operators (1c) remain to be dealt
with. It is certainly true that given a step oper-
ator acting on some physical state, the resulting
physical state can be written in the DDF basis.
So the precise question is whether there is some
unifying formula (independent of the state acted
on) for the step operators in terms of physical
operators. Note that this is a highly nontrivial
problem because of the exponential dependence
of both the step operators and the DDF oper-
ators on the string oscillators. The main result
of [ 6] gives an affirmative answer to the above
question.
Theorem. On P(Λ), one can rewrite the step
operators as follows:
Erm
∣∣
P(Λ)
=
∮
0
dz
2πi
zℓm××e
ir·X (z)×
×cr, (2)
where
X i(z) := Qi − iAi0 ln z + i
∑
m 6=0
1
m
Aimz
−m,
Qi := (ξi)µ(kℓ)νM
µν ,
with Lorentz generators
Mµν := qµpν − qνpµ − i
∑
n6=0
1
n
α
[µ
−nα
ν]
n ,
and ×× . . .
×
× denotes normal-ordering with respect
to the mode indices of the transversal DDF oper-
ators.
Let us discuss some aspects of this formula.
The above vertex operator construction may be
characterized as “doubly transcendental” due to
the appearance of DDF operators in the exponen-
tial. Furthermore, it is “purely transversal” since
only transversal DDF operators are involved.
At first sight it is surprising that the Lorentz
generators pop up. On the other hand, it is clear
that the unphysical position operators qµ in the
step operators Erm, which generate a momentum
shift by rµ, must be replaced by some physical
operators other than the DDF operators, which
shift the momentum only along the direction of
the affine null root. Therefore one is inevitably
led to consider the Lorentz generators which are
physical and which rotate the momentum vectors.
If we introduce momentum operators P i ≡ Ai0
then the Lorentz generatorsQi, which replace the
qi’s, are canonically conjugate to them and may
be regarded as “physical position operators”, viz.
[Qi,Pj] = iδij .
As a side result, the new formula for the step
operators provides a natural interpretation of
affine Weyl translations as Lorentz boosts. One
finds that
eir·Qv ·αme
−ir·Q = t[ℓ]r (v)·αm
for all v ∈ h∗, r ∈ Q¯ (finite root lattice), where
t[ℓ]r (v) := v + (v ·kℓ)r −
[
(v ·kℓ)
1
2r
2 + r ·v
]
kℓ.
Indeed, the last expression is precisely the for-
mula for an affine Weyl translation (see e.g. [ 10])
which arises in the decomposition of the affine
Weyl group into a semidirect product of the fi-
nite Weyl group and the affine translation group
isomorphic to the finite root lattice. Clearly, the
affine null root is invariant under the translations
t
[ℓ]
r . In this way the affine Weyl group becomes a
discrete subgroup of ISO(d− 2), the subgroup of
the full Lorentz group SO(d − 1, 1) leaving fixed
a given lightlike vector. We can thus think of the
affine Weyl group as a “dimensional null reduc-
tion” of the full Lorentzian Weyl group.
Formula (2) for the step operators resembles
very much the famous Frenkel–Kac–Segal con-
struction of level-1 affine Lie algebras [ 14, 15].
There, the momentum lattice Λ is taken to
be the Euclidean finite root lattice Q¯ and the
5step operators are the (generically) unphysical
Laurent modes of the tachyon vertex operators:
Erm :=
∮
dz
2πi z
m
:eir·X(z):cr, in terms of the orig-
inal Fubini–Veneziano field X. Therefore the
theorem provides a genuine generalization of the
Frenkel–Kac–Segal construction to arbitary level.
Furthermore, the DDF operators are promoted
to physical string oscillators similar to the string
oscillators appearing in the light cone gauge for-
mulation of string theory.
Finally, in view of the last remark, we would
like to mention an additional feature of the new
construction. So far, the discussion was limited
to the space P(Λ) associated with any dominant
integral affine weight Λ. But the whole space
of physical string states, P , comprises all such
representation spaces P(Λ). Consequently, the
new vertex operator construction allows for a si-
multaneous treatment of infinitely many affine
highest weight representations at arbitrary level
within a single state space, which is especially
relevant for the understanding of hyperbolic Kac–
Moody algebras. Since these modules are purely
transversal it is almost obvious which role the lon-
gitudinal DDF operators will play in this frame-
work. Namely, they must map between different
g-modules and hence act as (often level-changing)
intertwining operators (see [ 6] for a discussion of
these issues).
6. SUGAWARA OPERATORS
Given an affine Lie algebra g with Cartan–Weyl
basis Hin, E
r
n (1 ≤ i ≤ d − 2, r ∈ ∆¯), it is well-
known that there is a Virasoro algebra Virg asso-
ciated with it such that any representation of g
can be extended to a representation of the semidi-
rect product g⋊Virg. Indeed, the so-called Sug-
awara operators
Lm :=
1
2(ℓ+ h∨)
∑
n∈Z
[ d−2∑
i=1
◦
◦H
i
nH
i
m−n
◦
◦ +
+
∑
r∈∆¯
◦
◦E
r
nE
−r
m−n
◦
◦
]
(3)
form a Virasoro algebra with central charge cℓ :=
ℓ dim g¯
ℓ+h∨ , where ℓ and h
∨ denote the level and the
dual Coxeter number, respectively, and the sym-
bol ◦◦ . . .
◦
◦ refers to normal-ordering with respect
to the mode indices of the affine generators. If
we insert the expression (2) for the step opera-
tors, we arrive at the following new formula for
the Sugawara operators at arbitrary level in terms
of transversal DDF operators [ 16]:
Lm =
1
2ℓ
∑
n∈Z
d−2∑
i=1
×
×A
i
ℓnA
i
ℓ(m−n)
×
×
+
h∨
2ℓ(ℓ+ h∨)
∑
n6=0(ℓ)
d−2∑
i=1
×
×A
i
nA
i
ℓm−n
×
×
+
(ℓ2 − 1)(d− 2)h∨
24ℓ(ℓ+ h∨)
δm,0
−
1
2ℓ(ℓ+ h∨)
∑
r∈∆¯
ℓ−1∑
p=1
1
|ζp − 1|2
×
×
∮
dz
2πi
zℓm−1××e
ir·[X (ζpz)−X (z)]×
×, (4)
where ζ := e2πi/ℓ.
Only special cases of this formula had been
known before. For level ℓ = 1 one easily finds
that
Lm =
1
2
∑
n∈Z
d−2∑
i=1
×
×H
i
nH
i
m−n
×
×,
which is referred to in the literature as the equiva-
lence of the Virasoro and the Sugawara construc-
tion. At arbitrary level, the action of the zero
mode operator on an affine highest weight vector
|Λ〉 is given by the simple formula
L0|Λ〉 =
(Λ¯+ 2ρ¯)·Λ¯
2(ℓ+ h∨)
|Λ〉,
where ρ¯ denotes the finite Weyl vector and Λ¯ is
the projection of Λ onto h¯. Previously, one had to
relie on properties of the affine Casimir operator
in order to derive this result. With the new for-
mula (4) at hand, the above two expressions can
be immediately read off (for the second expres-
sion one also has to invoke some simple identity
for sums over roots of unity).
A remarkable feature of the last term in for-
mula (4) is its nonlocality. Responsible for this is
the factor zℓm in (2). Indeed, in evaluating the
6expression
∑
n∈Z
◦
◦E
r
nE
−r
m−n
◦
◦ this leads to a factor
of
∑
n≥0 z
−ℓnwℓ(m+n) = z
ℓwℓm
zℓ−wℓ in the correspond-
ing operator product expansion. Consequently,
we pick up additional poles at z = e2πip/ℓw
(1 ≤ p ≤ ℓ) when we perform the contour in-
tegral in the z-plane. An interpretation of this is
that we are not working on the Riemann sphere
but rather on a ℓ-sheeted covering of it.4
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